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AN ASYMPTOTIC EVALUATION OF THE TAIL OF ,S:
A MULTIPLE SYMMETRIC o-STABLE INTEGRAL e
.
o
.
by Gennady Samorodnitsky!? and Jerzy Szulga!- Yy
¢
Boston University and Auburn University s::
4
: b
'1‘
Running head: Tail of Multiple Stable Integral )
¢
~,
.|l
Abstract: )
We expand a multiple symmetric a-stable integral :'::.
N:
/.../f(tl,...,t,,)dM(tl)...d.\l(t,,) o
W
o
into a Le Page type multiple series of transformed arrival times of a Poisson process. An o
exact evaluation of the limit of appropriately normalized tail distribution results from this ".
representation. L i
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i) Introduction. Let Z be a symmetric Lévy a-stable process on [0, 1] with the charac- .
-:‘: teristic function :f
i Eexp{itZ(u)} = exp{-u|t|?}, 0 < a < 2, =
[ {
? and let f be a real symmetric Borel function on {0, 1]* vanishing on diagonals. A random :E.
:‘: . functional ‘:

1 1

; (0.1) Wi = [ [ 1 za)dZ (@) . d2(za) -:‘
B '
: extends the notion of the multiple Wiener integral in a natural way. Existence and char- ::
N acterization problems, not necessarily restricted to the stable case, have recently attracted a
:; attention of many authors. For a unified presentation of a classical theory due to Wiener ,
c and It6 and for further historical background we refer to Engel (1982). .:'
:: Basically, a general definition of a multiple stable integral of type (0.1) proceeded by g
;i. a construction of a stable product random measure, is due to Krakowiak & Szulga (1988). »
2: However, the first characterization of integrands of a double a-stable integral in case :'
' of a € [1,2) was obtained by Rosinski and Woyczynski (1986), and it was generalized to ::
4 an arbitrary a € (0,2) by Kwapien and Woyczynski (1987). Their condition is hardly n
E: ) extendable for general multiple stable integrals due to an internal complicacy even though :
3 a triple stable integration criterion of a similar nature was recently found by McConnell ;
. (1986).
;E ~In the present paper we make a step towards a characterization of a distribution of ‘éf

a multiple stable integral by evaluating its limit behavior under a suitable normalization.

We show that

3 n
& A
4 (0.2) 2 lim z%(Inz)'""P(I.(f) > z)
’ :
o
= lim 2°(Inz)' " P(L, (/)] > z) 2
o ) 1 1 %
; - nan-l(n!)a—zs—ﬂ/; /0 1f(t1,- .. ta)l%dt, ... dt, ¥
)
v provided
N S
. (0.3) f A1+ Sal Mg 11 < o .
N 0.1 N
K ‘
": 2 "‘
3 X
\‘ 0%,
N 4

I

2 iy n A A0
A ﬂt‘"t'.‘l‘. I‘L AN, t"‘l At ‘:'\‘;'\' ' ‘qt‘ X, ‘.' '!.l'!.t'- ! .l‘. -l.- .. L) "‘:'.t' c:"A“\ .o'. () X \. n :!'.. t:-‘o' k.-’.‘ut f‘.“
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. 0‘
where 8 = f°°°x’°§inz dz, by =1if n # 2, and &(f) = In, In_ |f]. :
Observe that the first equality in (0.2) follows trivially only if n is an odd integer. In ',‘
general, I,(f) is not a symmetric random variable if n is an even integer even though it ®
behaves like such because, in a sense, it is dominated by a symmetric term. i :':::
We notice that a related result was derived by Surgailis (1985) from an interpolation .:?',‘;
theorem in Lorentz spaces. Namely, he proved thatfor1 < p<a <2 ‘ '.'5
(0.4) (Ela(£)P)? < CHll o 1ogn=1 Lidu)® 0
where the r.his. term is a norm in a Lorentz space of random variables generated by ‘;'
a functional analogous to the one appearing in the r.h.s. of (0.3) (with the Lebesgue ;
measure dz replaced by certain measure du). A discrete counterpart of (0.4) was obtained ‘
by Rosinski & Woyczynski (1987). r
The paper is organized as follows. Section 1 introduces the notation and provides .'
a collection of basic facts concerning multilinear random forms and multiple stochastic ..
integrals. In Section 2 we prove LePage-type representation of I,(f). The distribution ‘
of products of arrival times, essential for our purpose, is studied in Section 3. Section "':
4 contains technical results cn comparison of multiple series and multiple integrals. The Z
asvmptotic evaluation of the tail of the distribution of I,(f) is obtained in Section 5. :EE
Although we use elementary methods a combinatoric complexity of multiple sums and :
integrals might suggest that some techniques seem more intrinsic than, in fact, they are.
A suitable notation is introduced to avoid unnecessary misunderstandings. ,::E
=
1. Preliminaries. In this paper {Z(t), t € [0,1]} denotes a symmetric a-stable mo- A ‘
tion, i.e. a process with independent stationary increments such that Eexp{itZ(u)} = ,?
exp{—ult|®},0 < a < 2. Foreach n > 1, Z(t) generates a random measure M{") on Borel ‘
sets in [0,1)" defined as a vector measure satisfying the identity ot
M™ (4, x... x Ap) =M(A))-...- M(A,) 5
(Krakowiak & Szulga (1988)). Observe that only M (1), denoted for the sake of simplicity E_‘
by M, is independently scattered, i.e. its values on disjoint sets are independent random :-
variables. N
; 3
’ .
s
~
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The following notation is used throughout the paper: ::
; )
r N . . i
() -a sequence of i.i.d. uniformly distributed random variables on [0, 1];
]
(Xn)-a sequence of i.i.d. exponentially distributed random variables with unit intensity; ::
A )
H - . . . .
< (Tn)-a sequence of arrival times of a Poisson process, i.e. I'y = X; +... + X,;; "
‘ )
% .. . . - '
(en)-2 sequence of i.i.d. Bernoulli random variables, i.e. P(¢, = 1) = P(e, = —1) = 1/2. "
' . .. . b
K 1{...} will denote the indicator function of a set (or a property) {...}. o
1) 4
f, &
) For the convenience of a typographer and a reader we introduce an abbreviated notation {
N . . . s g . /
' for expressions involving multiple indices. Any bold-face character denotes a finite or -
. . . 3 ‘
4 infinite sequence. e.g. a = (a,), j = (J1,....Ja)- A bold-face subscript is related to a '
K
’:: restriction of a sequence to suitable coordinates, for example, a; = (a,,...,a,,). By !
Y definition.
¥ (4] =a,, ...a,,. o~
[) :\

e
.

We shall also write subscripts with the mathematical expectation symbol “E”, e.g. E, ET,

- etc., a convenience of which will be especially appreciated whenever Fubini’s Theorem is !
' in use. We shall skip the index of stability a in all quantities used in this paper. ;‘
' )
‘: LP denotes the space of p-integrable random variables with usual norm (quasi-norm. if ‘3
:: p<1)|-llp =(E|-|P)!'?. For k > 1 we introduce a linear space A4 of all random variables ::‘:
; for which the limit 3
3. A(X) = lim 2%(Inz) *P(X > z)
0

U exists. We shall be using frequently an observation based on the following elementary fact.

) 3
! LEMMA 1.1 Let X and Y be positive random variables. Suppose that X has a d
l‘ “
:: reqularly varying tail, i.e. there is a number 8 > O such that for every number a > 1 a
3, <

P(X > ax) :
!‘ ] . = _o. 9

A% X >e) - ° A

P ~
o)
J ) Suppose that the tasl of X dominates the tail of a random variable Y in sense that Wy
1 '
‘ lim P(Y>x)__o -
: 1"°°P1X>.‘t)- ) ',
) ,‘
4 v
p 4
R oy

) -
. \a

A . . 4 , ‘ . . r R s R .
1t "'n"'c" (¥ l"'ﬁ"\':.":‘i':‘l': bt l:‘?:f",l.t':‘."-‘ o!".:"':!":t"o. ,0.0‘0.."&00.'.0.!" St .9:':?-'1‘.-'..-'39:"1'- ":’"O.:'&"t- ", t‘:’l'-.t'!‘: .':.‘::’":."' ) " ' "“:
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¥ (B
: Then |:
¢ lim P(X+Y >z) _ - P(X—Y>;r)_1 v,
4 2% P(X>z) e PX>z) %
. Proof. Clearly, for any o, 0 < 0 < 1, we have '}
. )
4 -
A hgp PX+Y > 2) 4
i z—omp P(X > I) :
. P(Y >o0z)+ P(X > (1-0)z) o
<1
, ==y P(X > 7) ,.
3 , P(Y >0z) P(X > 0z) . P(X > (1-0)z) =
: <1 - _ -6 )
§ SmSUP B X >0z) P(X>2) PSP~ BX > 1) (1-0) g
' Since, obviously, ‘
W i fP(X+Y>:1c)>1 W
b Pt PX>z) ~—7 X
i )
| the first part of the lemma follows. The second part can be proved in a similar way.
|' ';
& Corollary 1.2. Let X € A;. Then, under assumptions of Lemma 1.1, X + Y € A;
' and M (X +Y) = M(X). @ 9
N
' The remainder of the section contains a collection of basic properties of multilinear :'
‘W 3
1 random forms which are defined as formal sums ] 'f
L ja?.
< g7x >= Z: g(j)[xj]v i
~ JENT )
v.;
- where g is a real function on N® and X = (Xj) is a sequence of real random variables. Let ".:
;, D,={i=(),...,1n) € N®:1, < ... < 1,}, and observe that if a function g is symmetrie,
L
N i.e. g(3) = 9(j- ) for every j € N" and for every permutation = of the sequence (1,....n),
: and g vanishes on diagonals of N", i.e. g{j) = O whenever at least two entries of j are 2
N Ny
p equal. then o
<g.X>=n! )Y g(i) [X,). ¢
3€Dn
) st
N For this reason we consider tetrahedral multilinear forms only, i.e. related to functions ¢ N
; with a domain in D,. We say that a multilinear random form < g,X > converges if IN
B > 96) (Xy] 1{jn < u}
: 3€Dn &
".' "
$ 5 ‘Al
' 1
y :
N

L N A A AL o — " e e
O e .t".:",:'og't.n .:'Oft'l.c".q.ﬁ.: C 0!'.:5’!. .o‘l.:!': )!0‘0‘.:’0.:'0...'.0 M :".0 .!9‘.:\0 h.o\v XS .i » iR\, V




converges in an appropriate sense as u — 0o0. In general, most of the properties of muliti-

linear random forms for independent symmetric random variables follow from their coun-
terparts for Bernoulli random variables by virtue of Fubini’s Theorern. We quote below

several results useful for our purposes.

Theorem 1.8. Let X = (X,) be a sequence of independent symmetric random variables
and g be a real function on D,. The following statements hold:
(1) (Krakowiak & Szulga (1986a)). A random multslinear form < g, X > converges a.s. if
and only if it converges in probability sf and only if
Y 9 Xy)% < > a.s.
12Dn
(1i) Contraction principle (Krakowiak & Szulga (1986b)). If h is a real function on D" such
that |h| < 1 then a.s. convergence of < g,X > implies a.s. convergence of < g-h, X >.
Moreover, if {X,} C LP then there is a constant C > 0 depending only on n and p such
that
El<g-h,X>P<CE|<g,X>/P

(iii) (Krakouiak & Szulga (1986b)). Let {X,} C LP. Suppose that (9) is a sequence of
real finite valued functions on D™ such that the sequence (< gn. X >) converges in LP for
some p € [0.20]. Then there is a real function g on D, such that the multilinear random

Jorm < g,X > converges in LP and it forms an LP-limit of the sequence (< gm, X >).

For a real positive function ® on R, we define, for r > 0,
®, (z)=®(z"). z20.

Following Kallenberg (1975), we consider a class K, of real positive functions & on R,
satisfying the following properties

(K1) $(0) = 0;

(K2) ® is a concave and increasing function;

(K3) ®, belongs to Kallenberg’s class Fy U F3, i.e. either it is concave or it is absolutely

continuous with the concave derivative &, vanishing at the origin.

6
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&
It is easy to see that (K1) and (K2) above imply that any ® in K, satisfies A, condition. &
i.e. for any ¢ > 0 there is 0 < d{c¢) < o such that for any z > 0 W
S
’
(1.1) ®(ez) < d(c)®(2) vy
, 5
th WY
Lemma 1.4. Let & be a function from K., r > 0 and ¢ be a Bernoully sequence. Then ) h
there is a constant C > O such that for every n-dimensional tetrahedral random array .
[X (i), i € D,] independent of € the following inequality holds: r’}.
t oA
%
E®.(| < X.e>|) <C"L,E®,(IX(i)]). oy
l*..
Proof. The statement follows from Lemma 2.1 in Kallenberg (1975) as multilinear tetra- :-:'.
U
hedral Bernoulli forms are martingales. | .:::
A et
¥
EXAMPLES. In the paper we shall make use of the following functions >
i %t
§ (i) ®(z) = 2.0 €Ky, r 2 ]
(i) ®(z) = z/In’(a + z), ® € K, for a large enough. . :'g:
In particular, choosing r = 2, one immediately obtains the generalized Khinchine 4 ’
i inequality: .‘,;
) 3
4 , ,
" (1.2) Cp "(Tlg(i)|*)P? < E| < g,€> |P < CF(Zlg(i)*)P'?, A
[
-~
where C, does not depend on g (cf. also Krakowial & Szulga (1986a)). ;1.
A
Remark 1.5 Once a random multilinear form < g, X > in symmetric random variables ;
X = (X,) converges a.s., it converges unconditionally, i.e. regardless of any determinis- ;
‘ tic permutation of its entries. This follows immediately from Fubini’s Theorem and the ‘Q"
i generalized Khinchine inequality. :.\
2. Le Page’s representation of multiple stable integral. In 1984 Marcus & Pisier E‘
proved, elaborating the results of Le Page (1980) and Le Page, Woodroofe & Zinn (1981), E.\'
that for any function f € L*([0.1]) 3
‘.f‘
! D -1 =1/a ’
(2.) [ 1@ az) B aes syl
1 "
. U
3.
" OGOODONOX, AN W 0 WP y OO0, IO e R e BN e A W L __E
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o0
where s = /; z %sinz dz, and U, T, € are independent of each other, and the series in

r.h.s. of (2.1) converges a.s. and in L?, p < a.

In particular, one obtains a series representation of a stable motion
(2.2) (Z(t). 0t <1) 2 (s7VoSH{U, ST, V%,, 0<t < 1),

and therefore a counterpart of (2.1) for a multiple stable integral is expected to hold. A
possibility of such a representation, at least for n = 2 and n = 3, was mentioned in the
paper of McConnel (1986).

The aim of this section is to extend Le Page’s representation to the multiple stable
integral.

Recall that a symmetric vanishing on diagonals Borel function on [0, 1]" is said to be
integrable with respect to M (") if there is a sequence (f,;) of simple functions converging
in Lebesgue measure to f such that multiple stochastic integrals I,(f,,) = flo’”n fdMn)
(defined in a usual way) converge in probability (or equivalently, in LP.0 < p < a). The

limit is denoted by I,(f) or by either of following integrals
am = [ /l t M (dt d
[oraart = [T [ ) Mdn) - M)
(see Krakowiak & Szulga (1988) for details.)

Theorem 2.1. For any symmetric vanishing on diagonals Borel function f on (0,1]"

(2.3) /i’o'l]“j‘d\,j(") 2 —n/av* ennf(U [F] 1/0[(’]

where the integral ezists and the series converges unconditionally a.s., or equivalently, in

LP.0 < p < a, at the same time. The sequences U, T and € are independent of each other.

Proof: By virtue of Le Page's representation we may choose an a-stable random
measure, and a fortiori, a product random measure M () generated by the a-stable process
Z(t) = 1{U, < e}r;”%,-. Denoting the multiple series appearing in (2.3) by S,(f)

whenever it makes sense, we infer immediately that formula (2.3) holds a.s. for simple

vobav
.

functions.
]
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Suppose that I,(f) exists. By definition, there is a sequence of simple functions {f,,)
converging in Lebesgue measure to f, and such that I,(f,,) converges in L, 0 < p < a,
to a random variable Y in LP. Hence S,(fm) converges in L to Y. By Theorem 1.3(iii),
Y = S,(g) as. for some function g € LP, and the multiple series S,(g) converges a.s. by
part (i) of that theorem. For U and I' being fixed, S,(g) is a Bernoulli multilinear form.
Therefore we infer from Fubini’s Theorem, Theorem 1.3(i) and the generalized Khinchine
inequality that S,{g) converges in L' and thus

9(U,)[T,]~1® = E Sa(g)[g]
= lim E, S, (fm)le]
lim fm(Uy)[T,]7"/°
= f(U,)[r,]~ /e
(U.T)-a.s. Therefore f = g almost everywhere on [0,1]" and I,(f) = S,(f) a.s.
Suppose now that the series S,(f) converges in probability (or equivalently, by Theo-
rem 1.3(i), almost surely). For k =1,2,..., and z > 0 define
27k ifre (27,278 i+ 1)), i=0,1,...2%"]
Hi(z) = —Hi(-12) =
0. if z> 2k,
We observe that 0 < |z| - |Hi(z)| < 27F and thus applying the contraction principle
(Theorem 1.3(ii)) we infer that the series S,(Hy(f)) converges in probability. Further,
(In(He(f))in € N) is a Cauchy sequence in L? because by virtue of Fubini’s Theorem and

Lebesgue's Dominated Convergence Theorem we have that

lim Emin(1,|Io(He(f) — Hal())]?)

k,m-—co

= t'l’i.fgw Emin(lv |Sn(Hk(f) - Hm(f)”z)
<, Jim  Eyrmin(1,E|S\(He(f) = Hm(N)I*)
=, lim Eyrmin(l, 3] |H(f(U,)) - Hn(f(U))F(,]7%°) = 0
’ !

Since (H(f)) is a sequence of simple functions converging almost everywhere to [
then the latter identity implies the existence of I,(f). Moreover, it follows from the first

part of the proof that I,(f) = Sa(f) as.
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‘o Unconditional convergence is a general feature of random multilinear forms in sym-

metric random variables (cf. Remark 1.5). g

LT 2.r 2

. 3. Products of Poisson arrivals. Most of properties of products of arrival times of a {
3 Poisson process presented in this section is a part of a mathematical folklore. For the sake

N - of convenience we collect them in one place. 4

) Lemma 38.1. Forn>1andt >0

by Sro(=1nt)k/k! ft <1 .

" ha(t) 4 PUy-...-. U, <t) = :
1 otherwise.

-

Proof. It is enough to check that for ¢t < 1

> - X
e
e —-a - -

ha(t) = P(X) + ... 4+ X, 2 —Int)

™.

-
'

¥

.~ and use well known formula for the Erlang distribution (cf. Feller (1971)). (]

Lemima 3.2. Define, fort >0 and k > 0,

»

fe(t) = t/lx(lny)"e' tdy

e

o

: Then

*

»
>

lim fi(t)/(~Int)* = 1.

e, N
, "
:5 Proof. Elementary calculus (I’'Hospital formula, change of variables of integration, induc- R
¥ )
tion. etc.) is working. :
| \J
: Lemma 3.3. For n > 1 we hate '
[} -
P S <t

. o PO Tagt) 1

A t—0 t(—Int)n-1 (n—1)!n!
i Proof. The identity is trivial for n = 1. Let n > 2. Using well known formula for converting e
K arrival times of a Poisson process into i.i.d. uniformly distributed r.v. (cf. e.g. Karlin
:, | (1968)) we check that 4
o : d [® _ . n - -z,.n-1 — 1
" ga(t) = t'P(Ty/z-...-ToJz<t/z"T o =z)e %2 /(n - 1)ldr '
::‘ 0 :
WX 10 ‘-

o
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) )
! it -
, =/o £ P(U, - ... Un_y < t/2"e 2" (n - 1)ldx. X
I' ‘
p) -
M Applying Lemma 3.1 we prove by elementary calculation that :‘
§ 1 n? / d'
! gn(t) = (n = 1)1 3 0¥ /(k +20)! fina(877), .
:’ k=0 \J
¢ <
n which. combined with Lemma 3.2, completes the proof. § o
; ’
}_ Corollary 8.4. Let X € L® be a nonnegative random variable independent of T. Then )
)

; Jorj=(1,2,...,n) anda > 1 :
n-1 & g

-1/ay _ Q Ek }

P An-1 (XD = oy ¥
X .
& su —to——P(X[I"]'”">t) < CEX%(1 + (In, X h)n 1 3
' >0 (In(t + @)1 : = T ’ 3
y where a constant C depends only on a, a and n. !
: ;
s: Lemma 8.5. Let n > 2. Then o,
L 2
Y 5
’ , P(Ty-...-Tq ;- Tauy <) &
(3.1) hfis:p H(ZInt)a-2 < 00. :?
D - "p
K Proof. Since the joint density f(.,.) of (I'n,T,.1) is given by the formula .",
e vz" 1/(n-1) if0O<z<y
‘ flz.y) = \
0 otherwise. ey

. then the Lh.s. of (3.1) is equal to 4
' ,
& foo o,

L P@y - Tact S/uITa = 2,Taus = 1)f(z.v) dx dy .
) © oo . \-
=/o /o P(Uy-...-Uny < t/(z" ') (2.y) dz dy. -3
g Then, applying Lemma 3.1, we decompose the L.h.s of (3.1) into the sum =

]
f' n-2 1 ¢
5 ty 7 Ax + B, o
k=0 ' & ¢
2 < §
where :
% Ar= [ oee, €W (n(z"y/0)) dr dy, o
"W N1yt N
Y

' 11 '.
3 Y
' y
7
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and

B = e vz ! dz dy.

0<z<y
an—ly<e

It is easy to check (using e.g. the estimate eV < 1) that B < t!'~1/%. The term 4,
is of order at most (~Int)*¥ as t — 0 because, putting s = t!/", we derive the following
- inequalities from Lemma 3.2

A = "/_/09& ey ! (Inz" 'y)k dx dy

n—ly>y

1A

o
nt s /1 e *Y(Iny)* dy
nk fi(s) = nk(~Ins)k = (=int)k. ¢

Corollary 3.6. Foranyj€ D, j=(J1--..-Ja) #(1,....n)

<
limsup P(I,l < 4

o? f(~Tng)n2 <%

We conclude this section with an observation that for any number 8 > 1 there is a constant

K > 0 such that for every sequence j = (j1,...,Jn) € Dy, such that j; > n3 we have
- (3.2) E[r,)"? < K[jj=°.
Indeed, this follows by the Holder inequality from the well known estimate
ET,)?=T(-8)/G-1)<K;i™
4. Comparison of multiple sums and integrals. Let ® : R. — R, be a nonin-
creasing function.

Lemma 4.1. For anyu >0

(4) T () < o1 +/ ®(z)dz.

1<1<u
»
(i) T &) < d(u +/' & (z)dx.
t>u
12
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Proof. Omitted.

Corollary 4.2. For u,v >0

. u
. Y B(vi) < ®(v) + / & (vz)dz.
1’0 1<ei<u 1
Lemma 4.3. For everyne€ N, and u,v >0

u (4.1) Y #(v-lij) < zn:(:)Jk(u,v),

w $ENT li1<u k=0

where Jy(u,v) = &(v), and, for k > 1

i Ji(ur) =

i xe (Lo, ] < o 200 IR

Proof. We use a standard induction argument. The case n = 1 is a straightforward

consequence of Corollary 4.2. Assume that (4.1) is valid for n — 1 for every u,v > 0 and

every nonincreasing function . Applying the induction hypothesis with “v” = vi; and
3

“u” = u/1) we have that

) > #(v-fi)

1|<u

; < 5 S @(viycige...in)

' Ist1<u 1< . 1nSu/y

:
-:3: (4.2) < > X (:)J,,(u/i,,vi,).

1<1;<u k=0

We have Jy(u/7},vi}) = &(viy), and we infer from Lemma 4.1(i) that

X, > Jelufir,vir) € Je(w,v) + T (u,v)

1<ty <u

Changing the order of summation in (4.2) and handling routinely binomial coefficients we

obtain the statement of the lemma valid for the integer n.

Corollary 4.4. For everyn € N and cveryu > ¢

T #(iil/u) € 2" u(inu)™! /1 “O(z7")z"? dz + S(u"!)

1EN" 1|<u

-

]

- - -
-’
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Proof. We omit a routine computation.  §

Ezample 1. ® =1,
. Z (2" +1) u (lnu)*"!.
S

Ezample 2. ®(z) = 1/z,

Z [i]7' < (2" +1) (Inu)*"!.

fti<u

Ezample 8. &(z) = z-'In’(a + '), 6 > 0. We choose a > ¢ large enough to make & a
decreasing function and pick up ug > e. Then there is a constant C depending only on a

and ug such that for all u > ug
C(1-6)"tu(lnu)*? ifé<1
> @(li]) € { € u(inu)* Vninu if 6 =1
H<u

; C(6 -1t u(lnu)® ! ifé6>1.

Indeed. we estimate the integral in Corollary 4.4 as follows
u
. / ®(z Yz tdz
. 1
u
5 =/ z'in(a+1z)"% dz
t

< (a+1) /;u(a +z) 'in(a+z)%dz

- - - e . o

(a+1)Inln(a + u) ifé=1

{(a+1)(l—6) Hin(u+a))!™% ifé<1

< 1)

(@a+1)(6 1) '(n(a+1))*~% ifé6>1
(

(a+1)(1 - 6)""(In(a + uo)/Inup)! ¥(lnu)!~% ifé6<1

X < ¢ (a+1)(Inln(a + up)/(Inlnug))Inlnu ifé=1 1§ _
(@ +1)(6 ~1)"(In(a + 1))' ¢ if 6 > 1. 3
Define the operator {’
4 -'
Fa(®)(u) = 3. &(fi]) i
. Ai>u 3
§ N
on the class H, of decreasing positive function  on R such that 0
\ o "
/ ®(z) (Inz)"! dr < oo, b
\ ! W,
g
14 \,
‘-
X

]
o
3
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Lemma 4.3. There is a constant C, > O such that for all functions & € H, and for »

A
u>e : ::0“

(e <]

; (4.3) Fo(®)(u) < c,,(/ ®(z) (Inz)"'dz + ®(u) (lnu)"") X
4 u 2 )
x By
i

Proof. We apply an induction argument. For n = 1 even a stronger inequality is given ;31

in Lemma 4.1(ii). Suppose that (4.3) holds for every ® € H,_, and every u > e. We :

decompose the Lh.s. of (4.3) into the sum of two terms as follows "

UIOEIED S 3 RS R

1) ..U ta=1

. é
‘ + Z Z ®(i) ... 1,) &
, 1ty 1S58 DUty gy ":{!
#
= A,,(u) + Bn(u), :::.
1
I‘l’
We begin with an estimation of the second term. By Lemma 4.1(ii) and by making )
L ’\‘
' use of the Examples 1 and 2 following Lemma 4.2, we infer that XJ’r
[} ¢
o0 . : 3
By X @)+ [T 8. inoy - 2)dz) ;
ty ...ty 3<u u/“.“'..“—l ’
- 5
< C(®(v) u (Inw)™! + (Inu)" ! / ®(z) dz) -
u 1A
i n-1 s n-1 1
' < C(®(u) u (Inu) +/ &(z) (Inz)*" " dz). @
. u
)
! Using a similar argument, we check that W

Pl

, A@ s X [0 iae) 4 [T 80 iy

$) ..lp-1 DU

=Fa@®W+ X (aeecin) [ 0l

[ TR P 1 "

1 = Fa_1(®)(2) + Fa_1(®%)(u),

- <]
where &°(u) = u"/ ®(z)dz.
“

A AN

By the inductive assumption and by integration by parts we have that

Fo_1(®*)(u) € Ca_y ( / * 8*(2)(Inz)" ?dz + &*(u) u (lnu)""’)

T SRl LS AL 1T NS

<2Casy [ ®lz) (Inz)"~dz.

15
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The latter observation and again the induction applied to F,_,(®)(u) combined with the )
W
estimation of B,(u) concludes the proof. g oy
[ ]
. Ezample 4. Let 3 > 1 and put ®(z) = z79. Then there is a constant C > 0 such that .:;::
foru>e "
i
- > [j7? < C ' A(lnu)*"!. g o
1>u [ ]
A
™ \J
0
5. Asymptotic evaluation of the tail. The main result of the paper (Theorem 5.3) :'f",
0
is stated and proved in this section, but first we study certain properties of tetrahedral S
multilinear forms of the type o
::::4
Sv = 3 lalln) e x, 2
JEDn .:;
where X is an array of identically distributed random variables which is independent of € ('
and I sequences. We introduce some useful decompositions of the series S, . Put :ﬁ'
5",
Tom= 5 l4llt)7ex, o
’ ’e D'ItJl 2"‘ 13 *
We decompose T, , into two summands as follows. _’
R ¥
Tom= Tv':,m + Tr,:,m E_ 5
= Y lgnVex{x e <G+ X l6lin)TVexa{x > ) P
1EDnyy2m JEDn,n>m S
D
Proposition 5.1.(a) Let r > a, m > mg > nr/a, n > 1. Then there is a finite constant “::f
a8 ¢!
C' > 0 depending only on a,r,mgy and n and independent of m and the law of {X;,j € D,} .‘:ﬁ
such that L
a/r * ':
EIThnl® < C{E[X10 + 07 V]| 3
B SR
D
(b) Consider &(z) = z/(In(a + z))™ ! with a chosen large enough to have & in K,. Let "‘
e n>1and m>mg>n. Then there is a finite constant C" > 0 depending only on a,m, . y
and n, and independent of m and the law of {X,,j € Dy,} such that : 3
4 " ' N
) c E[|x,|°(1 4 (Iny |x,|)n-1)], ifn>2, f
E¢0(lTn'm|) S " 4 S
C"E[IX)°01 +Inp Xy 0| X)) i7n=2. 7
16 .:::i
...‘:
O/
®
QL

» .4
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g :
3
% (¢) Let n > 1, m > mg > n. Then there is a finite constant C > 0 depending only on v
%: a,mq and n, and independent of m and the law of {X,.j € D,} such that +
" E|Tam|® < CVE|IX,|*(1 + (In, {X,))")|. ..
-
1“ Proof. (a) By Hoélder’s inequality, Fubini’s Theorem and Lemma 1.4 we conclude that
; E\Tam|® < (E|Taml)*/" < :
) . N
:' [} -r/a r a . a/
& <cil ¥ EmeElxragxe <]

’eDﬂlJl 2"‘
::i Using the estimate (3.2) for moments of I';, and the Example 4 following Lemma 4.3 (with \
) . U
o 3 = nr/a) we bound the latter expression from above by the following quantities. :
g :
D , . sl alr
» Gl ¥ e Y E(IxIk-1< X < 1)) ;
;:: $€Dn,n2>2m k=1 {
5 '
e > alr 4
¢ <[y E(1XI1gk -1 < X0 < k) X G .
- k=1 Wi
A\ b
: o al/r .,
R < C'Z[E(i-\',l'l{o <1X,0° < 2}) + 3 k(n k)" Pk~ 1 < X)) < k)] ]
‘ k=3 )
: alr
i < C'{E[IX,'“(I + (Iny | X;))" l)]} . h
e W
) 4
5 (b) Applying Lemma 1.4 we get A
K 3
| EO(Tom) <G ¥ E[ea(XIT)0(1%," > )] =
-& 4€Dn,n2>2m ' 3
-~
A " \
: =i ¥ E[p(Ixlm x> i)

JEDn,j>m

_‘.1:; By Fubini’s Theorem, independence of ' and U, moment inequality (3.2) and 4, property T
V‘ .
3,' (1.1) we conclude that the latter expression is bounded from above by 3
n -
] c; ¥ E[R(T%R) X k< ixe <k}, _
::: JEDa 1 >2m k=|| :
;:' 17 !
; X
W v
v h
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Changing the order of summation and making use of Example 3 following Corollary 4.4 -

we obtain in the case n > 2 S

E®,(|Tam|) < f: o( k+ 1)[j]“)P(k <|X)|*<k+1) ;fC
k=1 D " X
]<

- '.I

3

00
<C, Z(k +1)(In(k + 1))* 'P(k < X <k+1) <
k=1 NGy

E[IX,2(+ (n, 16,01 ).

The case n = 2 is similar.

(¢) The proof of this part is completely similar to the proof of (b). )

Proposition 5.2. Let {X,} be a sequence of identically distributed random variables,
independent of T and € sequences, such that E[|X;|%(1 + In, | X |)] < co. Define 0

o0
Zy, =I‘;”°-...-I‘;i/l° Z (,I';HOXJ, n > 2. t‘::o'

)=n+1
Then 3
An-1(lZ741) = 0. A

Proof. The proof is by induction in n. For n = 2 we apply the contraction principle for

probabilities
o0

P(251] > 2) < 2P(I7 VL (T, = T1) 7o X; > 2), o
>

and Proposition 5.2 follows from the independence of Ty and {I', — T} and Proposition ;E

5.1(c) with n=1,mg = 2. ot

-
x
i)

Assuming that Proposition 5.2 is valid for n — 1, we employ once more the contraction

L I

principle for probability to get for z > 0

P(|Zg)) > x) <

DAL
"-l ;

<saP[r7Ver, -1 (T, - m-ua,' f &(T; <)X,

>z]= d
Jenel
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4/0 e'VP(IZ,T_“]>zy“°‘)dy=4/0 44

z_a(ln z)'li-l e .
Applying the assumption of the induction to the second integral in the expression above

completes the proof.

We introduce the following modulars defined on the class of Borel functions on [0, 1]*:
L°log® L(J) 'gf.../o N |f(x)|°[1 + (In, |f(x);)6]dx, 5>0,

L°log Lloglog L(f) & /[0 T [1 +1n, |f(x)|In. |In |f(x)||]dx.

Now we formulate the main result of the paper.

Theorem 5.8. Let0 < a <2, n2> 2 and [ be a symmetric vanishing on diagonals
Borel funetion on [0,1}" such that

L%log" ' L(f) < 00 if n > 2,

L%log Lloglog L(f) < o0 if n = 2.

Let M(") be the random measure generated on Borel sets in [0,1]" by a symmetric a-stable
process with stationary inerements on [0,1). Then f is M(").integrable and its integral

I,(f) has the following property:

(5.1) St (n(0)]) = 2hncs(Ta(f)) = ma” 1 (w267 L0(1),
where s = [g° 2™ %sinz dz.

Proof. Fubini’s Theorem and Theorem 1.3(i) imply that a necessary and sufficient con-

dition for the convergence of S,(f) (equivalently, the existence of I,(f)) is

(5.2) Y072l () < 0 a.s.
€ Dn

We introduce the following partition of the set D,:

(5.3) D, = L"J Das.
k=0
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where Do = {(1,2,...,n)}. and for k =1,2,...,n

D"'k = {(1,2,...,11—k.jl,jg,....jk) . (jl,...,jk)EDk, j] 2 n—k+2}.

Let us denote for k =0,1,...,n

. Z,x= Y lg]lTy]71es(Uy),
IEDn x

Ane = 2 [N f(U) 2
leDn,k
We will prove that A, < % a.s. for any k = 0,1...,n. This would imply (5.2) and.

simultaneously. the convergence of Zp's, k = 0,1....,n.

Note that A, o < o trivially since D, ¢ consists of only one element. Recall also that

by Corollary 3.4
(5.4) An-1(1Znol) = 2Xa-1(Zn o) = na" "} (n!) "2L(f)

since Z, ¢ is a symmetric random variable. Note that in general I,(f) (or Sa(f)) is not a
symmetric random variable, except the case of the odd integer n, even though it behaves

like such due to its dominance by the symmetric random variable.

To complete the proof of the theorem we have, therefore, to show that 4, < oc a.s.

fork =1...., n. and that
(5.5) An-1(|Zpil) =0for k=1.2,...,n

Corollary 1.2, (5.4) and (5.5) would imply then (5.1).

The proof will use an inductive argument and, as it frequently happens with inductive
arguments, it is more convenient to prove somewhat more general claim. For any k =

1.2,....nand 1 > n — k + 2 define

Dn,k,t = {(1'2 “““ n- k'jl""-jk) : (jlv--'sjk) € Dka jl 2 ‘}a

:I.k.x = {(1.2,....11— k - l.l. - l.j]....,jk) . (j],....jk) € Dk, j] Z l}

20
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" Let {X;.j € D,} be an array of identically distributed random variables, which is inde- ~
I )
:' pendent of T and € sequences such that
R ) +
i E[1X,/°(1 + (in, 1,)")] < s0if n > 2, 1
K
"
N or :
v: v\
' E[nx,r’(l +In-(|X, ) In, (In,, |x,|))} <ooifn=2. :
b : ‘
' Finally, let A
o , -1/ ]
v nke = 2 lg)Ty)710X,, :
!‘ ’EDﬂ,h,i L e
“ Bn,k,l = Z [r’]—Z/aX’z‘ -
! JED, & ]
i and Y, and B, are defined correspondingly. We will prove that B,;, < o as. :
for any k = 1,...,n and 1 > n — k + 2 (this would imply that A, < o as. for any E
y = 1,....n) and that 3
¢ !
K N
b (5.6) A 1([Yaks])=Oforany k=1,....nandi>n—k+2. N
A} ’.
N This would imply (5.5), since Dp ¢ = Dp g n-k+2. The proof is by induction in k. It is clear -
~ by Proposition 5.1(a) with n = 1 and a < r < 2 and by Proposition 5.1(c) with n = 1 that | ")
o Bpy, < 2 as. for any i > n+ 1. It also follows from Lemma 3.5 and Proposition 5.2 L‘_
;. that (5.6) holds for k = 1 and any { 2 n + 1. This constitutes the basis of the induction. _
v
! Assume now that forsome 1< k<n-landanvi>n-k+2, B,;, < o as. and (5.6) ¥
¢ . ~
K holds. Clearly, foranyt: > n—-k+1 N
KN ¥
2n
k) Dn.k-v-l,l = ( U D:t,k.m+l) U Dn,k*l,2n+l- ¥
& m=g "
‘l ) }
) L
',: Therefore, 3
) "
n
;; (5'7) Bn'k+]'| = Z B;l,k,m*] + Bn,k+l,2n+l . *
4 m=t - /
o j.
:: The assumption of the induction implies that forany m > n—k+1, By} iy < Brim+1 < 0
D) [
: oo a.s. Moreover, Proposition 5.1(a) with n = k + 1. a < r £ 2 and Proposition 5.1(c) "
i: with n = k + 1 imply that By 4120 < 00 2.5. By (5.7) we conclude that By 4., < oc a.s. o
“ Iy
.: 21
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We have

2n
(5-8) Yn,lH-l,t = Z Yn,k,m-b-l + Yn,k+l.2n+l

m=t

Clearly, forany m > n -k + 1, |Yn'.k.m+l < |Yakm+1|- Therefore, the assumption of the
induction implies that An_1(|Yn km+1|) = Oforany m > n—k+1. Corollary 1.2 shows then
that the claim An-(|Y k41.]) = 0 would follow if we prove that An1([Yak+1,2n+1]) = 0.
We have, for z > 0

P(|Ynkar2n+1l > 2) =

- P(| S gl eX 1:) -

JEDvn.k+ 1.2 41

o~ .
= /" P(' Z I‘J][I‘J]-l/axl.--wn—"m'~--ka+1 >y M- Fpnok-y = y)dgn-k-l(y)
1€Dy
“3‘3‘:14‘1
[ 20
= [ PCgnaia (@) + [ PC)dgnana(v),
where g, is the distribution function of I'y-...-T,. We apply now the contraction principle
. (Theorem 1.3(ii)) and Fubini's theorem to conclude that for any y > 0
E[l Z [‘JHFJ]-l/axl,‘...n—k—l.n ----- mor| [Tr o Tk = y} =
- JEDpy
J122n4
k+1 ‘ o
<C-E[| ¥ 16l T = Tack) ™ X1 ko] |
1€EDg 4 1=1
112+l

for some 0 < C < oo independent of y > 0. We apply now Proposition 5.1(c) withn = k+1
to conclude that the a-th moment above is finite. The claim Ap_;(|Yn k41.2n-1]) = O now

lollows from (5.9) and Markov inequality. This completes the inductive argument, and we

[
know by now, therefore, that B, ,, < coas. foranyk=1,...,n-1landanyi > n-k+2, Ei
and that (5.6) holds for k = 1,...,n — 1 and any i > n — k + 2. It remains to consider ‘{:
the case k = n. We apply (5.7) with kK = n — 1. Then Bpn-im+1 S Brn-1.ms1 < 00 as. f:::b

* as have been proven above. Moreover, Bp n 2n+1 < 00 a.5. by (the proof of) Proposition 2-
5.1(b). This shows that B, ,, < oo as. for any ¢+ > 2. Further, we apply (5.8) with l\‘

’ k = n -1 and, as above, the claim Aq_{(|Yan|) = O would follow once we show that i.
An-1{|Yan2n+1]) = 0. But the latter statement follows immediately fromn Proposition :
5.1(a). This completes the proof of the theorem. :":
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